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Abstract

The classification of minimum Hamming distances of cyclic codes over fi-
nite fields is a central problem in algebraic coding theory. In this paper, we
study cyclic codes associated with prime lengths in the modular setting. More
precisely, let n # p be primes and let m be a positive integer. We consider
cyclic codes C' = (g) C Fpm[z]/(2™ — 1), where g is a monic divisor of 2™ — 1.
The classification of the minimum Hamming distances of such codes was pre-
viously known only for the small prime values n = 2,3,5,7, and remained
open for prime lengths n > 11. We address this problem for arbitrary prime
n. Our main result shows that, for each prime n, apart from a finite explicitly
computable set of exceptional primes p, every nontrivial cyclic code C' = (g)
over Fpm satisfies dy(C) = deg(g) + 1. This gives a uniform generic classifica-
tion of the minimum Hamming distance for all prime lengths n, extending the
previously known classifications for n = 2,3,5,7. The proof combines alge-
braic properties of roots of unity with a computer-algebraic construction that
produces the finite exceptional set.

1 Introduction

Cyclic codes are fundamental objects in algebraic coding theory. A linear code of
length n over a finite field IF is cyclic if it is invariant under cyclic shifts of coordinates.
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Identifying a codeword (ay, ..., a,_1) with ag+ayx+- - +a,_ 12", cyclic codes are
precisely the ideals of F[z]/(z™ — 1). Hence every nonzero cyclic code is generated by
a unique monic divisor g(z) of 2™ — 1.

We study cyclic codes of prime length n over F,m, where n # p are primes. The
main problem is to determine the minimum Hamming distance of C' = (g(z)) C
Fym[z]/(z™ — 1) from its generator polynomial g(z). This problem is known only in
several small cases n < 7 (see [1] and references therein).

Our main contribution is a generic classification for arbitrary prime length n.
For each prime n, we construct an explicit finite set A,, of exceptional primes such
that, for every prime p ¢ A,, p # n, every nontrivial cyclic code C' = (g(x)) C
Fym[z]/(z™ — 1) satisfies dy(C) = deg(g) + 1. Thus, outside a finite computable
exceptional set, every nontrivial cyclic code of prime length n reaches its maximal
possible Hamming distance (which is called MDS codes). The construction of A,
uses determinants of generator matrices, resultants, and Chebotarev’s theorem on

roots of unity [1, 5].

2 Codes and cyclic codes in Fyn|x]/(z" — 1)

Let C' C F}.. be a linear [n, k, d]-code. Recall the Singleton bound d < n —k + 1.
A code attaining this bound is called maximum distance separable, or MDS. Such
codes are important in coding theory and in applications including secret sharing
and secure communication [2, 3].

Under the polynomial representation of codewords, multiplication by x in Fym[z]/ (2" —
1) corresponds to a cyclic shift. Thus cyclic codes are precisely ideals of this quotient
ring. Since F,m[z] is a principal ideal domain, every nonzero cyclic code is of the
form C' = (g(z)), where g(z) is the unique monic divisor of ™ — 1 generating C'.

Let g(x) = go+g12+- - -+g-2" be a monic divisor of degree r. The usual generator
matrix of C' = (g(z)) is

g g - g 0 -0

0 g0 -~ g1 g -+ O
Gg: . . . . . )

0 O DR go gl DR g’]"

an (n—r) xn matrix. Hence dim C' = n —r, and the Singleton bound gives dy(C) <
r+ 1.

We use the standard rank criterion: for a generator matrix G of a linear [n, k, d]-
code, one has dy(C') > ¢ if and only if deleting any § — 1 columns of G leaves a
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matrix of rank k. Therefore, for C' = (g), it is enough to show that deleting any
r = deg(g) columns of G, gives full row rank. This proves dy(C) > r+1, and hence
equality by the Singleton bound.

3 Main theorem and algorithm

The main result is the following.

Theorem 1. Let n be a prime. For each prime p # n, consider the property (Pnp):
for every positive integer m and every nontrivial cyclic code C' = (g) C Fym[z]/(z" —
1) generated by a monic divisor g of ™ — 1, one has dy(C) = deg(g) + 1. Let A,
be the output of Algorithm 1. Then A, is finite, and (P,,) holds for every prime

p ¢ A, with p #n.

Algorithm 1 Computation of A,.

Require: A prime number n

Ensure: The finite exceptional set A,
1: Set A:=0.
2: for each nonempty subset L C {0,1,...,n— 1} do
3: Set 7 := #L and g(t, ) := [[ e, (x — t9).

4: Construct the (n — r) x n matrix G,.

5: for each S C {1,...,n} with #5 =r do

6: Let H be obtained from Gy by deleting the columns in S.
7 Add ¢ = Res;(det(H), ®,(t)) to A.

8: end for

9: end for

10: return the set A, of prime divisors of the nonzero integers in A.

The algorithm is finite because there are only finitely many choices of L and S.
The key point is that the resultants appearing in the algorithm are nonzero. This
follows from Chebotarev’s theorem on roots of unity: if n is prime, ay,...,q, are
distinct n-th roots of unity, and by, ..., b, are distinct elements of {0,...,n — 1},
then det(@?j)lgi’ng # 0.

Using this theorem, one proves that if « is a primitive n-th root of unity and
g(x) € Z]a][x] is a monic divisor of ™ —1 of degree r, then every matrix obtained from
G, by deleting r columns has nonzero determinant. Indeed, a vanishing determinant
would give a nonzero polynomial h(z) = f(z)g(z) with at most r nonzero terms that
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vanishes at r distinct n-th roots of unity. Chebotarev’s theorem forces all coefficients
of h to vanish, a contradiction.
The passage to finite fields is obtained by resultants. If f(¢) € Z[t] and

p1Res(f(t), @u(t)),

then f(a) # 0 for a primitive n-th root a in F,. Hence, for every p ¢ A,, all the
determinants needed in the rank criterion remain nonzero after reduction modulo
p. Therefore deleting any r = deg(g) columns of G, leaves a full-rank matrix,
so dg(C) > r + 1. The Singleton bound gives the reverse inequality, and hence
dy(C) =r+1=deg(g) + 1.

Example 2. We implemented Algorithm 1 in Maple and obtained
Ay = A3 = A5 =0, A7 = {2}.

These computations recover the known classifications for the casesn = 2,3,5,7.
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