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Abstract

We study multivariate resultants of homogeneous polynomial systems equivariant under
the hyperoctahedral group B,, = (£1)™ x S,,, acting by sign changes and permutations of the
variables. Bj-equivariance forces each component polynomial to admit the canonical form
Fi(X1,...,Xy) = X;Hi(X?,...,X?2), separating sign and permutation symmetry. Exploiting
this structure, we derive a universal two-level factorization of the resultant. The first level, in-
dexed by subsets of [n], arises from sign symmetry through multiplicativity and specialization.
After a quadratic change of variables, each factor becomes the resultant of an Sj-equivariant
system, to which the theorem of Busé—Karasoulou [1] applies. This yields an explicit prod-
uct formula indexed by subsets and partitions, with computable multiplicities and exponents.
Computationally, the method reduces large resultants to families of smaller symmetric re-
sultants in at most (d — 1)/2 variables. As an application, we obtain a factorization of the
discriminant of B,-invariant polynomials.

1 Introduction

Resultants are fundamental elimination invariants in symbolic computation and computational
algebraic geometry. Their computation rapidly becomes infeasible in high dimension, and exploiting
algebraic structure is essential for effective elimination theory. Symmetry is among the strongest
forms of such structure. Busé and Karasoulou [1] showed that the resultant of an S,-equivariant
homogeneous polynomial system admits a canonical factorization indexed by integer partitions,
with explicit multiplicities. Their result reduces a single large resultant computation to a family of
lower-dimensional “prototype” resultants. Since .S,, is the reflection group of type A,_1, a natural
question is whether analogous factorizations hold for other reflection groups. In this work, we
consider systems equivariant under the hyperoctahedral group B, = (£1)" x S, the reflection
group of type B, acting by signed permutations.

We show that Bj,-equivariance induces a two-level factorization: the reflection part (£1)" gives
an outer factorization indexed by subsets of [n]|, while the permutation part S, gives an inner
factorization indexed by partitions via the Busé-Karasoulou theorem. The two levels combine into
a universal closed-form product formula.
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2 B,-Equivariant Systems

Let ' = (Fy,...,F,) € k[Xq,...,X,]" be a homogeneous polynomial system over a field k of
characteristic # 2. The hyperoctahedral group B, acts on k" by

(E,U) . (Xl, cee ,Xn) = (€1XU(1), NN ,EnXU(n)),

where ¢; € {£1} and o € S,,. The system F'is B, -equivariant if F((e,0) - X) = (g,0) - F(X) for
all (e,0) € B,.

Proposition 1 (Canonical normalization). Let F' = (F}, ..., F,) be a homogeneous B, -equivariant
polynomial system of degree d. Then d is odd, and each component satisfies

Fi(Xl, cee ,Xn) - XlHl(X%, cee ,Xi),
where H = (Hy, ..., H,) is Sy,-equivariant and homogeneous of degree e = (d —1)/2.

The proof is elementary: applying the equivariance condition with ¢; = —1 and all other signs
positive shows that F; is odd in X; and even in every X; with j # . Factoring out X; yields a
polynomial in squared variables, and the S, -equivariance of H follows by restricting toe = (1,...,1).

In addition to the normalization F; = X;H;, equivariance implies divisibility properties that
generalize those in the S, case: F; — F; € (X; — Xj), Fi + F; € (X; + X,), and F; € (X;) for all
1 # j. These three families correspond precisely to the three types of positive roots of B,,: the roots
e; — e; (shared with A,_;), the roots e; + ¢;, and the short roots e;.

3 Divided Differences for B,

A key technical ingredient is an adaptation of divided differences to the B, setting. Let p; =
2%. S X denote the basic invariants of B, and let I = {i,... iz} C [n]. The partial Jacobian
JH(p1, ... k) equals (TT;e; Xi) - V(XZ, ..., X}), where V denotes the Vandermonde determinant.
Replacing the last column of the partial Jacobian matrix by Fj,,..., F;, gives a determinant D
that is divisible by J!, thanks to the three divisibility properties above. This allows us to define

the B, -divided difference
I

D
Fl.= J—f c k[X1,...,X,]

These divided differences satisfy an induction formula that mirrors the classical one from [1],
but with squared variables in place of ordinary ones:

7] > 2 2 1
.F’l_}’—‘2:<‘>(,L'2_4)(VZ'1>.FW7

where 7; = I\ {7;}. In particular, this shows inductively that all B,,-divided differences are polyno-
mials in the squared variables X2, ..., X2 a fact that is essential for the reduction in Section 4.

n?

Remark 1. In the S, case of [1], the first-order divided differences are the polynomials them-
selves: FU = F,. In the B, case, the normalization shifts the starting point: F{} = F/X;, =
Hi(X%,...,X?). The induction formula with squared differences then plays the same structural role
as the classical one, but relative to the root system of type B,, rather than A, _1.
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4 Main Factorization Theorem

The canonical normalization separates sign symmetry from permutation symmetry and leads to a
two-level factorization. For a proper subset I C [n] with complement J = {ji,...,j,} = [n] \ 1,

write GO = (Gg-f), ceey Gg)) for the Sy-equivariant system of degree e obtained from the normalized
system H by specializing X; = 0 for ¢ € I and passing to the variables Y; = X ]2, jedJ.

Theorem 1. Let F = (Fy,..., F,) be a B,-equivariant homogeneous polynomial system of degree
d=2e+1. Then

2q-1
Res(Fy,....F,) =[] <RI [T Res(GS5. - G(@(A))m)

IC[n] Mg
L(N)<e
where ¢ = |J|, the product over \ is the Busé-Karasoulou factorization [1] of Res(GW) with
partition-indezed specialized divided differences GE\IZ and multiplicities my, and Ry = 1 if e > ¢
and Ry = (GU it deribymo otherwise.

The proof proceeds in three steps.
Step 1: Subset expansion. Multiplicativity of the resultant applied to F; = X;H; yields

Res(Fy, ..., F) = [[ Res({Xi}ier, {H,} 1)
ICn]
The factor I = [n] equals Res(Xy,...,X,) =1 and is discarded.
Step 2: Specialization and squaring. Stability of the resultant under specialization [6] reduces
each factor to a resultant in ¢ = |.J| variables. Since the specialized H j([) depend only on squared
variables, we pass to G) via the squaring map. Jouanolou’s composition formula [6] applied to the
squaring map produces the exponent 2971,
Step 3: Symmetric factorization. Since G') is S,-equivariant and homogeneous of degree e,
the Busé-Karasoulou theorem [1] provides the partition-indexed factorization of each Res(G1).
We consider the following example.

Example 1. Let n =2 and d =7 (so e = 3), and consider the By-equivariant system
By = apX| + aa X7 X5 + as X7 X5 + ag X1 X3, Fy = ag X Xy + as X{ X3 + ap X7 X5 + ap X,

Theorem 1 yields three outer factors indexed by I = {1},{2},0. The first two contribute a factor
2
g

For I =0, setting Y; = X? gives the Sy-equivariant system
G = CL0Y13 + G2Y12Y2 + a4Y1Y22 + a6Y23, Gy = a6Y13 + G4Y12Y2 + a2Y1Y22 + Cloygg-

The Busé-Karasoulou factorization extracts the factor G1(1,1) = 22:0 agy, corresponding to A =
(2), while the remaining factor comes from A = (1,1).
A direct Oscar computation gives
2

2
ReS(Fl,FQ) = ag(zk CLZk) (Zk(_l)kCLQk) K3(a07a27a47a6)47

where K3 s irreducible, exactly as predicted.
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5 Discriminant Application and Perspectives

If fek[Xy,...,X,]is a homogeneous polynomial invariant under B, then its gradient V f is B,,-
equivariant (by the chain rule and orthogonality of signed permutation matrices). Since Disc(f) =
Res(0f/0X1,...,0f/0X,) up to a constant, Theorem 1 applies directly.

Example 2. Let f(X1, Xs) = a(X{ + X3) + bX?XZ. The gradient system
Vf=(4aX; +2bX, X3, 40X} + 2bX7 X5)
is By-equivariant of degree d = 3. A direct computation gives
Disc(f) = 256a*(2a — b)*(2a + b)>.

This agrees with Theorem 1: the factor 16a* arises from the subset terms [ = {1} and I = {2}, while
(4a — 2b)*(4a + 2b)* comes from the Busé—Karasoulou factorization of the Sy-equivariant system in
squared variables for I = (). Here 4a — 2b corresponds to Ry, and 4a + 2b to the partition X\ = (2);
the partition (1,1) is excluded since its length exceeds (d —1)/2 = 1.

Algorithmically, for fixed degree d and increasing n, the maximal dimension of the symmetric
subproblems is bounded by (d — 1)/2, independently of n. When is fixed, this yields an exponential
reduction in complexity compared to generic resultant computation. The gain is most pronounced
for small d; if d > n, the partition A = (1,...,1) remains admissible, and one factor essentially
retains the complexity of the original resultant. For example, for a generic system of n = 3
polynomials of degree d = 5 in three variables, the algorithm computes the 6 factors in a few tens
of seconds. Their degrees range from 1 to 3, with exponents between 3 and 12, yielding a total
degree of 75. By contrast, a naive resultant computation does not terminate within an hour on the
same machine. The approach naturally extends to other reflection groups, notably the type D,, Weyl
group, where only even sign changes are allowed. More generally, reflection symmetry should induce
a coarse decomposition of elimination invariants that can be refined using permutation symmetry,
connecting to the program of [7, 3.
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